
290 INZtIENERNO-FIZ ICtt ESKII ZtIURNAL 

NUMERICAL SOLUTIONS ()F EQUATIONS DESCRIBING NONISOTtIERMAI~ FI,()WS 
OF A RFAL GAS IN TUBES 

B. L. Kr ivoshein ,  E. M. Minskii ,  V. P. Radehenko, I. E. Khodanovich , 
and M. G. Khublaryan 

I n z h e n e r n o - F i z i c h e s k i i  Zhurnal ,  Vol. 13, No. 4, pp. 542-548,  1967 

UDC 66.073 

A description is given for the numerical method of calculating nonsteady, 
nonisothermal flows of a real gas in tubes and for the solution on a 
computer of certain specific problems associated with the operation 
of gas mains. 

The development of methods to solve equations of 
nonsteady nonisothermal gas motion in tubes is of no 
mean practical interest in view of the calculations 
associated with start-up, emergency, and similar 
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Fig. 1. Calculat ion scheme.  

specif ic  r e g i m e s  of d r i l l i ng  opera t ions ,  as well  as 
indus t r i a l  and m a j o r  g a s - m a i n  conduits ,  p a r t i c u l a r l y  
in the reg ions  of the F a r  North. 

Since the flow of the gas under  actual  condit ions 
is n o n i s o t h e r m a l ,  the solut ions  of the p rob lems  mus t  
be based on cons ide ra t ion  of the genera l  equat ions of 
gasdynamies .  It is imposs ib l e  to de r ive  ana ly t ica l  
solut ions  for these  equat ions and it t he re fo re  becomes  
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Fig.  2. Change in gas t e m p e r a t u r e  along a 
pipel ine  at d i f fe rent  ins tan t s  of s t a r t i ng  
per iod  1)t-= 0; 2) 0.03; 3) 0.78; 4) 10.5; 5) 
30.5; 6) 40.5 (ideal gas); 4 ~) 10.5; 5 T) 30.5 

( real  gas). 

n e c e s s a r y  to r e s o r t  to n u m e r i c a l  methods involving 
the use of c o n t e m p o r a r y  compute r s .  Effective n u m e r -  
iea l  methods have been developed in recen t  yea r s  to 

solve the general  equat ions of gasdynamics .  In pa r t i c -  
u l a r ,  these include the f in i t e -dKferenec  methods based 
on the use of the so -ca l l ed  impl ic i t  d i f ference schemes  
(for example,  s chemes  of the " p r e d i c t o r - c o r r e c t e r "  
type and the i r  var ious  modif ica t ions  [1,2]).  These  
s chemes  exhibit  elevated s tab i l i ty  and ensu re  ,n ra the r  
high o r de r  of accuracy  for the approximat ion of dif-  
f e ren t i a l  equat ions by d i f fe rence  equations.  Here the 
genera l  equat ions of nonsteady non i so the rma l  motion 
of a rea l  gas a re  reduced to a sys tem of q u a s i l i n e a r  
d i f fe rent ia l  equat ions of the parabol ic  type. For  the 
n u m e r i c a l  solut ion of the indicated  equat ions we will 
subsequent ly  use expl ici t  f i n i t e -d i f f e rence  schemes  
which have proved to be ra the r  effective in ca lcula t ing  
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Fig.  3. Change i n g a s  flow ra te  along a p ipel ine  at 
d i f ferent  ins tan t s  of s t a r t i n g p e r i o d  1)}-= 0.012: 

2) 0.112; 3) 8.012; 4) 28.01; 5) 40.4;  6) 60.5. 

a n u m b e r  of specif ic  p rob lems  in hydrogasdynamics .  
p a r t i c u l a r l y  in ca lcu la t ing  the nons teady i so the rma l  
mot ions  in gas ma ins  [3]. 

1. In de r iv ing  the sys t em of equat ions describing" 
the o n e - d i m e n s i o n a l  nonsteady non i so the rma l  flow of 
a rea l  gas in long tubes,  as is  usual  [4 ] .  w e  neglect  
the changes in the dynamic head and in geomet r i c  
height. Moreover ,  we do not take into cons idera t ion  
the t r a n s f e r  of heat along the axis of ti~e tube as 3 
r e su l t  of heat conduction.  The h e a t - t r a n s f e r  law is 
a s s u m e d  in Newton's  form.  with the ambient  t e m p e r -  

a ture  held to be a known function of the coordina tes .  
Having used the known the rmodynamic  re la t ionsh ips  

and equat ions  of motion for a c o m p r e s s i b l e  gas in the 
Charnyi  form [4], we obtain 
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Equat ion (1) conta ins  the funct ions z 0 = zo(P, T) and 
ep = c p ( P , T ) ,  which may  be given in tables  of ex-  
pe r imen ta l  data or  in ana ly t ica l  fo rm.  

The method for the n u m e r i c a l  solut ion of the equa-  
t ions of nons teady  n o n i s o t h e r m a l  mot ion  of a rea l  gas, 
c o n s i d e r e d  below, makes  it poss ib le  to employ the 
equation of state in any form. 

The temperature T o of the external medium is con- 

tained in system (I). In view of the considerable lag 

in the p roce s s  of heat propagat ion  through soi l ,  it may 
be r e g a r d e d  as q u a s i - s t e a d y  [5], i . e . ,  we can a s s u m e  
T O = e o n s t  in this t ime  in t e rva l .  

F o r  the p r ac t i c a l  purposes  of i n t e r e s t  here ,  as well  
as in the light of the unavoidable  and c o n s i d e r a b l e  
e r r o r s  in the spec i f ica t ion  of t he rmophys i ea l  soiI con-  
s tan ts  which, m o r e o v e r ,  va ry  along the length of the 
conduit ,  we will  a s s u m e  that the h e a t - t r a n s f e r  eoeff i-  
c leat  K = c o n s t .  

The quant i ty  K can be d e t e r m i n e d  f rom s tudies  
unde r  actual  condi t ions ,  if the p a r a m e t e r s  of the op-  
e r a t i ng  gas ma in  a re  known. 

The ca lcu la t ion  of the nons teady  n o n i s o t h e r m a l  
mot ion  of a r ea l  gas thus reduces  to f inding the so -  
lut ion for  s y s t e m  (1) 

P = P ( x ,  t), T = T ( x ,  0, G:=G(x, t) 

in the region  D*(a-<  x - < B ,  t-> 0), sa t i s fy ing  t h e i n i -  
t im condi t ions  

P(x ,  O) : - f ( x ) ,  T(x, 0) ==cp(x), G(x, 0)- @(x) (2) 

and the boundary  condi t ions  which, in the gene ra l  
case ,  a r e  given by funct ionaI  r e l a t i onsMps  of the form 

4h(P, T, G, t) i~= ~ :=0, oh(P, T, G, t) l.,:- ~ 0. (3) 

It is a s sumed  that to the ins tant  of tim(.' t :: 0 the 
motion of the gas is s teady (P - P(x), T : T(x); G : 
: G O for t ~ 0, a ~ x r fl). This  solut ion can be ob-  
tained f rom the sys t em of equat ions which becomes  (1), 
if the t ime  der iva t ives  with respec t  to the sought 
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Fig. 4. Temperature history 

at different pointsof a pipe- 
line 1) T(x,o);  2) x=  0.1; 3) 

0.5; 4) 0.9; 5) 1.0. 

funct ions a re  a s sume d  to be equal to zero.  For  con-  
venience  of ca lcula t ion ,  sys t em (1) is brought  to d i -  
m e n s i o n l e s s  form;  the sca les  employed here  a re  the 
c r i t i c a l  p r e s s u r e s  and t e m p e r a t u r e s  (P = P / P c ,  ~ = 
= T / T o )  , the tube length (x = x /L) ,  the m a s s f l o w  ra te  
at t = 0, (G = G/G 0 ) and t o = L / e  0 (t = t/t0, co is  the 
speed of sound in the gas). 

2. This  boundary  p rob lem was solved n u m e r i c a l l y .  
Having used the co r r e spond ing  approx imat ion  of the 
de r iva t ives  in (1), we obtained the expl ic i t  four -po in t  
scheme of the gr id  method for the s y s t e m  of d i f f e r -  
ent ia l  equat ions (Fig. 1). (It should be noted that  when 
z 0 = 1, the genera l  d i f ference  scheme  changes into the 
co r r e spond ing  scheme  for  the equat ions  d e s e r i b i n g  the 
flow of an ideal  gas). In the cons t ruc t ion  of the d i f f e r -  
ence scheme we approximated  the d i f fe ren t ia l  equat ion 
by means  of d i f fe rence  equat ions with e r r o r s  of o rde r  
O(h). 

The indicated order of error is completely accept- 

able when the sought functions need not be calculated 
with ve ry  high accu racy  (within the specif ied l imi t s  of 
a ccu racy  for the in i t ia l  data), which c o r r e sponds  to 
the condit ions of mos t  eng inee r ing  ca lcu la t ions .  The 
co r r e spond ing  approximat ion  of the condi t ions  at the 
bounda r i e s  ( fo rboundary  condit ions of the form P(0, t) = 
= fl( t) ;  G(1, t) = f2(t) in the a s sumpt ion  that Eos. (1) 
a re  a lso val id at the boundar i e s  x = 0 and :~ = 1) leads 
to the d i f fe rence  re l a t ionsh ips :  

Po = h(t~+O, ~'ok+l Po,~+~--Ao 
, k+ l  , B o  

_2 _2 
[ 1 PI,~+I--Po,k+I ]~'=, (4) 

Go, k+l = b (ZoT")o, k+l h 

where 

Ao = Ao (tic.k, T0.k, Go.,, Tl.k); 
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Bo=Bo(Po,~, :Fo,~), k = 0 ,  1, 2 . . . .  ; 

_ 2  2 
P . . k + l  - -  P . , - - ,  , k+ ,  = 

P .  ~ + 1 - -  Aa 
Tn.~§ ' B ;  ; ~ , , ,~+ ,=i~( t . , ) ,  

Aa--- A~(P.,k, Tr.,k,T.-a,D, B~ = B~(P., k, 7".,k), 

k = 0 ,  1, 2 . . . . .  (5) 

The o rde r  of magni tude  for the e r r o r  in the approx-  
imat ion  of the boundary  condit ions is O(h). 

De te rmina t ion  of fi~, ~+, ~t the boundary  nodes on 
the s t ra igh t  l ine ~, = 1, reduces  to f inding the posi t ive 
root  of the non l i nea r  a lgebra ic  equation (5) (in the case  
of an ideal  gas,  to the f inding of the square  root;  for 
a r ea l  gas which, for  example ,  follows the Ber thelot  
equat ion of s ta te ,  to the f inding of the complete  four th-  
degree  a lgebra ic  equation). 

To ca lcula te  P~.~+~ we use the method of i t e ra t ions ,  
with the i t e ra t ive  p roces s  bui l t  on the fo rmula  

_(n§ ) _(n) 2 _(n) Vz 
P..~+~ = ~ (p.~+,)---- [~'._,. ~+, - chr (P,,,~+~) ] (6) 

The i t e ra t ion  p roces s  (6) converges  if the following 
condi t ion is  sa t i s f ied :  

chq,; (P) 

[ ~ 2  ~+, _ the ,  (P) ] 
< 2  (O<P<P ,~ - l , k+ l ) .  (7) 

Ana lys i s  of exp re s s ion  (7) shows that the c o n v e r -  
gence of the i t e r a t i ons  is ensu red  for r a t h e r  sma l l  h 
and fixed fi~-i, h+,, d i f ferent  f rom zero.  

The co r r e spond ing  a lgo r i thms  for  the solut ion of 
ce r t a in  specif ic  p r o b l e m s  such as ,  for  example ,  the 
p rob l em of s t ab i l i z ing  the t e m p e r a t u r e s  and p r e s s u r e s  
of a rea l  gas in an inac t ive  ma in  [6], e t c . ,  can be de-  
r ived  f rom the ci ted d i f fe rence  scheme.  

The p r e s e n c e  of the t e r m  ~2p2/~x2 in the equat ions 
of s y s t e m  (1) f rom the condi t ions  of s tab i l i ty  imposes  
on steps h and -r a l imi ta t ion  of the fo rm ~" = O(h2). 
P r a c t i c a l l y  speaking,  for  a tenta t ive  se lec t ion  of the 
t ime  s tep "r we employed the s tab i l i ty  condit ion a~-/h 2 -< 
-< 1/2 ,  o c c u r r i n g  in  the l i n e a r  case [7]. In appl icat ion 
to the q u a s i - l i n e a r  s y s t e m  (1), this  l imi ta t ion  is  not 
too r ig id  and, as d e m o n s t r a t e d  by the ca lcu la t ions ,  the 
s teps v may  be r e l a t ive ly  la rge ,  c o m m e n s u r a t e  with 
the t i m e  of a r ea l  physical  p roces s  (for example ,  when 
c~ = 1, the d i f fe rence  scheme  r e m a i n s  s table  for s e v -  
e r a l  fo rms  of bounda ry  .and in i t ia l  condi t ions) .  This  
c i r c u m s t a n c e  in p a r t i c u l a r  makes  feas ib le  the use of 
the expl ic i t  s cheme  in so lv ing  the p rob l ems  unde r  con-  
s ide ra t ion .  

3. To ca lcu la te  the nons teady  n o n i s o t h e r m a l  flows 
of a r ea l  gas in long tubes ,  we compi led  a p r o g r a m  in 
accordance  with the subjec t  n u m e r i c a l  method of 
so lv ing  Eqs. (1). The ca lcu la t ions  were  c a r r i e d  out 
on the BESM-2M computer .  

Here ,  for  convenience  of mach ine  opera t ion  and to 
make  poss ib le  fu ture  de r iva t ions  of approx imate  a n a -  
ly t ica l  so lu t ions ,  z0(P, T) is taken f rom the Ber the lo t  

equation of s tate  [8]. The poss ib i l i ty  of us ing this 
equation for  p rac t ica l  purposes  is demons t r a t ed  
in [9]. 

As an example  we have examined the s t a r t - u p  r e -  
g ime in a segment  of a gas main  for the following 
in i t ia l  data: L =  1 0 0 k m ; D  = 0.7 m, G O = 100 kg / sec ;  
P0 = 55 �9 104 kg/m2 ; Pc = 45.8 �9 104 kg/m2; Tc = 190.6 ~ K; 
X = 0. 012; K = 2.32 W/m 2. deg; the gas is methane.  It 
is  a s sume d  that p r i o r  to the ins tant  of t ime  t = 0 the 
p r e s s u r e  and t e m p e r a t u r e  of the gas were  constant  
(P(0,x)  = 1.2; T(0,x)  = 1.44).  At the ins t an t  of t ime  
t >- 0 a c o m p r e s s o r  s tat ion was connected to the be -  
g inning of the g a s - m a i n  segment ,  with a constant  
p r e s s u r e  P(0, t-) = 1.2 and a gas t e m p e r a t u r e  T(0, t) = 
= 1.67 main ta ined  at the outlet  f rom the c o m p r e s s o r .  
It is  a s s u m e d  here  that the remova l  of the gas at the 
end of the gas main  (x = 1) r e m a i n s  cons tant  in t ime ,  
i . e . ,  G(1 , t )=  1. 

At the beginning  of the p roces s  (t--> 0) (Fig. 2), 
th ree  zones can be condi t ional ly  i soIa ted:  1 ) the  heated 
zone nea r  the left boundary  (x = 0), where  the t e m p e r -  
a ture  drops sharp ly  to the steady value;  2) the reg ion  
with a t e m p e r a t u r e  close to a s teady magni tude;  3) the 
zone with a t e m p e r a t u r e  less  than the s teady value 
(i. e . ,  the t e m p e r a t u r e  of the soil).  With the passage  
of t ime the f i r s t  and third zones i n c r e a s e ,  while for  
t ~ 10 the second zone d i sappears .  This  i n t e rva l  is 
approx imate ly  equal to the t ime  of a f ive-fold passage  
of a p r e s s u r e  wave f rom x = 0 to x = 1 and vice ve r sa .  

Dur ing  the in i t ia l  ins tan t s  of t ime  (to t- -< 0.01) v i r -  
tual ly  half  the tube (0 -< x -< 0.5)  r e m a i n s  in the un-  
pe r tu rbed  s ta te  (G = 0; P = Pl) (see Fig.  3). Only a f te r  
t = 0.1 does the gas begin to move at the left end 
(G > 0). 

With the passage  of t ime ,  the m a s s  flow ra te  along 
the length of the tube i n c r e a s e s  (Fig. 3), whereas  the 
p r e s s u r e  drops ,  and when t > 60 with an e r r o r  on the 
o r d e r  of 5% a s teady value is a t ta ined (G = 1: P = P(x)). 

The gas t e m p e r a t u r e  at the var ious  points of the 
gas conduits  i n c r e a s e s  with t ime  and when t > 60 tends 
toward the s teady state.  At the points c loses t  to the 
end of the tube f rom which the gas is  r emoved ,  the 
t e m p e r a t u r e  of the gas,  with the passage  of t ime ,  drops  
below the t e m p e r a t u r e  of the soil  as a r e s u l t  of the 

((OPl < 0 ) ( F i g .  4). S tar t ing  J o u l e - T h o m s o n  effect \ \ ~ -  ]3=1 

with the ins t an t  of t ime  t ~  10, at which the f ront  of the 
w a r m e r  gas r eaches  the end of the tube, the drop in 
t e m p e r a t u r e  due to the J o u l e - T h o m s o n  effect will  be 
a t tenuated as a r e su l t  of the influx of heat  f rom the 
moving  gas flow, while with a p redominance  of heat 
influx the t e m p e r a t u r e  of the gas wil l  r i s e  with the 
passage  of t ime.  However,  at the end of the tube 
(x = 1.0),  the J o u l e - T h o m s o n  effect is  not comple te ly  
offset and the t e m p e r a t u r e  of the gas will  not r each  
T0. We see  f rom Fig. 4 t h a t  at the tube points x -< 0.5 
the s teady r eg ime  is reached when t--< 30, while when 
x > 0.5 this t ime  is  i n c r e a s e d  by a fac tor  of 2 - 3 .  
Dur ing  the t ime  in te rva l  in Which the p r e s s u r e  wave 
covers  a d i s tance  (60-100) L, a condi t ional ly  s teady 
t h e r m a l  r eg ime  is  es tab l i shed  in the gas conduit .  
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If we know the t h e r m a l  and hydrau l i c  r e g i m e s  of the 
gas  main  at  the v a r i o u s  ins tan t s  of the s t a r t - u p  per iod ,  
we can f o r e c a s t  the d y n a m i c s  for  the f o r m a t i o n  of hy -  
d r a t e  p lugs ,  zones  of condensa te  p r e c i p i t a t i o n ,  etc.  
The t ime  fo r  the ca l cu la t ion  of th is  p r o b l e m  is  a p p r o x -  
i m a t e l y  5 h r  fo r  a magni tude  of h = 0.05.  

With th is  p r o g r a m  we have ca l cu l a t ed  the d i s t r i -  
but ion of t e m p e r a t u r e s  and p r e s s u r e s  in an inac t ive  
condui t  [6]. To check  on the  a c c u r a c y  of the ca lcu la t ion  
of the sought  func t ions ,  we c a r r i e d  out ca l cu la t ions  
with half  a s tep .  The subsequen t  c o m p a r i s o n  of the 
c o r r e s p o n d i n g  r e s u l t s  d e m o n s t r a t e d  t h e i r  exce l l en t  
a g r e e m e n t ,  i nd ica t ing  the v i r t ua l  conve rgence  of the 
a p p r o x i m a t e  d i f f e r ence  so lu t ion  with the exact .  

The sub j ec t  method of n u m e r i c a l  so lu t ion  for  the 
equat ions  of nons t eady  n o n i s o t h e r m a l  mot ion  of a r e a l  
gas  m a y  be used  in gas  t h e r m o d y n a m i c  ca l cu l a t i ons  of 
m a j o r  g a s - c o n d u i t  s y s t e m s .  

NOTATION 

G is  the m a s s  flow ra t e ;  P is  the p r e s s u r e ;  T and 
T o a r e  the t e m p e r a t u r e s  of the gas  and so i l ,  r e s p e c -  
t ive ly ;  ~ is  the h y d r a u l i c  r e s i s t a n c e  coeff ic ient ;  D and 
f a r  e the d i a m e t e r  and c r o s s - s e c t i o n  of the tube;  z 0 
and R a r e  the c o m p r e s s i b i l i t y  f a c t o r  and gas  cons tan t ,  
r e s p e c t i v e l y ;  A is  the t h e r m a l  equ iva len t  of work;  Cp 
is  the i s o b a r i c  hea t  capac i ty ;  K i s  the hea t  t r a n s f e r  
coef f i c ien t  f r o m  gas  to so i l ;  t i s  the t ime ;  x is  the c o -  
o rd ina t e .  

2. Co l l ec t ion :  Di f fe rence  Methods of Solution for  
P r o b l e m s  in Ma thema t i ca l  P h y s i c s ,  Works  of the 
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1966. 

3. E. M. Minski i ,  Yu. I. Maks imov ,  and A. S. 
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13/20,  1961. 

4. A. C h a r n y i ,  Fundamen ta l s  of Gasdynamics  [in 
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